Over a century and half has passed when Bernhard Riemann hypothesized that the non-trivial roots of the Riemann zeta function ζ(s) all lie on the half-line s i = + 1 2 σ . In this paper the Zeta function is iterated as a power tower and its properties are applied as an approach to an indication that the Riemann hypothesis might be true. It is known that complex valued Power towers converge under certain conditions to exponential power towers of entire functions. These properties can be used to resolve the Riemann Hypothesis.
Introduction
The Zeta function seems to be the pyramid that holds the number systems together in a towering edifice of combinatorial relations.
Let  denote the complex numbers. They form a two-dimensional real vector space spanned by 1 and i where i is a fixed square root of −1, and ,
x y belong are real numbers, i.e.
{ }
: , x iy x y = + ∈  . The Riemann Zeta function is a complex variable function defined as ( ) 
This can be split into two separate integrals, 
Note that the sum (6) is related to the Jacobi Theta function. See Ref. [1] ( ) 
The Jacobi theta function obeys the symmetry ( ) ( ) 
The reflection formula indicates that the roots should obey a reflection and conjugate symmetry if they lie on the 1/2-line.
One can also study the maxima and minima of infinite products powers by looking at the functions that approximate the ζ-function.
Proposition 2:
The Zeta function is related to power towers. 
The ζ function can be written as a series in powers of n, where n is an integer, in the form: 
is when 3 n = , but has repeated values for 2 n = , at 4 n = , since Again one sees that the minimum is at exp (1) .
One finds that these functions have their maxima and their minima in the range, 
This is exactly the range where real power towers converge. I will use this later when I discuss power towers.
Relationship of the Riemann Zeta Function to Power Towers
Power towers have been studied extensively. I start by describing power towers following some conventional methods that have been used by Knuth Ref. [2] and others.
DEFINITION 1
Let n Z ∈ . A power tower is defined as a follows:
a a a n a
Here, I am using the Knuth notation for the tower of powers raised n times. See Ref. [2] . 
It is understood that such a power tower is iterated from some past argument to its present argument. By past I mean, the values that would have occurred in an iteration of the function that lead the iteration to its present
, log , log
Obviously, z is constant over the range of values of c that satisfy the relation (31), thus the fixed points of the
, log , , . log 
Here, n ζ  is defined as a future iterated exponential by taking the ζ-value of (z) and then taking the ζ-value of ( ) ( ) z ζ ζ and repeating this process n-times. The arrow shows the direction of iteration of Towering Zeta functions and the arrow → means take increasing nests of ζ values of prior Zeta values to obtain a new future value. 
Here the arrow ← means take decreasing past nests of 
Since the solutions to (36) are multivalued, we wish to fix particular solutions that will revert the function values back to original values from its inverse values.
Start with the reflection formula:
Then these particular solutions of the function obeys the rules: One can expand these functions as follows: 
This can be converted to a product form:
( ) 1  1  0  2  1  1  2  1  3  1  1  2   1   1 1 z a a a a a a n a n n a n n n a n n a a z a
Thus, taking 
Thus, taking ( ) ( ) 
The iterated zeta function becomes:
Note that ( ) One sees that this is also a power tower product but this time the sum and the product operators are doubled. Thus the iterated exponential power tower of the zeta function for
can be separated into the product of two power towers: 
This can be seen when the function is taken to the limit, and becomes an image of itself.
The solutions to the relation ( ) 
have certain attracting and repelling values, and are sometimes periodic with respect to n. If one takes roots r s of the function as a starting point one finds that the function generates constants for each value of n, such that: 
τ =
One can see that the function has alternating maxima and minima at integer values of n with the lowest value occurring again at 3 n = . This is again due to that fact that the function converges to a constant for all roots as n → ∞ .
One can surmise that any root r s such that ( ) r s ζ vanishes will generate a convergent sequence of real arguments k s , for the functions
Assuming the Riemann Hypothesis, there is a symmetry between the real parts of the known complex roots s, of the function about zero:
This symmetry is due to the fact that at any point in a large number of iterations where a root r s , one could replace zero of ( ) r s ζ with the equivalence,
This implies that the convergence of the iterations of functions must be symmetric about a zero of the function as implied by the mean value theorem mention earlier.
It is worth noting that the complex parts of iterates of the complex arguments result in real arguments if the products of the components of the iterates is real. Thus the roots are expected to be composed of a spectrum of complex factors whose iterates are real since they result in a quadratic convergence to the real values due to the symmetry of the reflection formula. , , , 1
Convergence of the Riemann-Zeta Function for Complex Values
Then, the function 
is a periodic point of period m, then, 
There cannot exist such a sequence of roots in the past or future arguments of
since when a root is encountered the sequence of arguments converge and never goes to zero but once. However, considering the fact that the Zeta function is multivalued at the roots, any root could be used in the future of a Zero, and as such a product of all roots following the Hadamard product for the Zeta function can be used in the future of a Zero of the function.
( ) 
The Towering Zeta function ( ) n s ζ  can in fact have an infinite number of convergence points in all its roots.
All roots converge the function to the real line from the complex plane ( Figure 5) .
Starting from a given root, the future iterations of the Towering Zeta function function over successive arguments that start from a root will lead to a convergence for every root. Table 1 shows the iterations from a root s in an upward future trend toward convergence to c ∞ . However starting from some past iteration, there exist an infinite number of roots that could be generated by a past iteration through zero. Table 1 shows successive past values of arguments for the roots, that solve the iterated relation,
, where n runs up the tables in a future direction, i.e. arguments of ( )
As can be seen from 
This value deviates from π by 0.003787727780215700 . I will now discuss the relationship between the Towering Zeta function ( ) n z ζ  and its derivatives. Differentiating 
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LEMMA 4:
1,
Which is the same as the power tower derivatives when c e = .
( 
Noting that
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The derivative becomes,
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Consider the product formula: 
1 1
This separates the products into three terms, the first term, P, being the iterates before the root s is encountered, 0, , 1, P k m ∈ = −  and the second term N, being the iterate that produces a root at N k m ∈ = , and third term being the iterations after the root at 1, , 1
One has to determine if the factors P, N, F, can vanish in a given range of values of the arguments, s. Before determining these products, the following Lemmas are necessary. . Then, iterations from p to q will be periodic and will only generate cyclic arguments when
, where, k q p = − . Thus the past iterations for i q < , will be stuck in an eternal loop and never generate future roots, s. This is true for both real and complex arguments, z and for real and complex roots s. has no past purely periodic arguments and as such there can be no other repelling, neutral or super-attracting points until the root itself is reached.
Then by induction, there are no past periodic arguments in the factor P prior to encountering this root. There must exists an infinite past for the iterations leading to root s. Then, the only critical point is the root itself and the sum of all such points will be the root. The root could be written as an infinite power tower of
The same argument leads F to an infinite power tower. Noting that ( ) 
The factor N is given by:
Both the above factors are zero, hence the proof. It is obvious that if a root occurs in any of the arguments of the function iterates of 
never hits a root, we can divide across by the reflection function, 
From the power of π , the condition for no roots to be obtained during iterations is that 
is a root, none of the iterates vanish, since the iterates lead to the final root.
Connection of the Towering Zeta Function to Exponential Power Towers
To illustrate the convergence of the Towering Zeta function for 
Now use 
Thus the reflection formula applies to the power tower representation:
The reflection formula then tells us that 
An even stronger condition can be placed on the convergence of the sequence (143) by Thron in Ref. [8] . 
Following Titshmarch Ref.
[11] page 14, taking ( ) ( ) ( )
For the region
Assuming the Riemann Hypothesis, the Towering Zeta Function follows this relation before convergence, i.e. when the real part of the arguments of the Zeta function is in the range 
k-iteration of the function for arguments in the range
In other words, after convergence, the relation obeys the functional,
The relation gives the invariant integral over an infinite iteration of the roots:
I now introduce the function ( ) x ϕ defined by the following theorem due to Ramanujan. Chakravarthi Padmanabhan Ramanujan was born in India on the 9 th of January 1838. He died on the 27 th of October 1874. He has been referred to as the greatest mathematician ever. His work on number theory and algebraic geometry has produced some of the most outstanding revelations in mathematics and is considered to be one of the pillars of modern day research. This paper is about Ramanujan's so called Master Theorem that relates integrals of certain types of functions to a wide range of application including Power towers and the Zeta function. The following Theorem by Thron, [8] , applies to such power towers. 
In [12] , and in [13] , Jovovic calculated the self-root sum:
is the Sterling number of the first kind. Thus, for the self-root,
Note that in general, one can write:
In which case the function 
, k times, a simple calculation shows that: 
Now from Euler-Mac Laurin summation formula:
Noting from the Bernoulli relation that only odd values of k survive, the integral (171) is zero when ( ) ( ) ( ) 
Put:
, and so 
is related to the Riesz function. Proof: Integrating (181), and since 
Using the Zeta functional relation,
Relation (185) becomes:
ψ α is related to the Zeta function in an intimate way and so
Proof:
It is worth noting that relation (190) is one form of the Weyl fractional derivative. See Ref. [12] . The Riemann-Louiville fractional integral gives the same result.
6. Relationship of the Function 
Proof:
Taken over square-free numbers m, and squarefull numbers n, then: 
The number of both the squarefree and the square-full numbers is given by ( ) 1 c ψ for 1, k = since this is the one by one count of each infinite set. Thus, the density of the squarefree numbers and the squarefull numbers is given by: LEMMA 27: (Mladen, [14] ) For every real number 1, 
, ,
, then, the infinite Power Tower
is a rational number, and The only value for which the left hand side and the right hand sides are transcendental is when ( )
Q.E.D.
Discussion
The Power Tower of the pure complex form with θ a rational number:
From this, one could surmise that the reflection formula and the inverse zeta power towers prescribe conjugate power towers that are also reflection symmetries about unity for the Zeta function. Write the Zeta Power Tower as follows: Figure 11 . Shows the plots of inverse iterates of real negative roots.
With the general condition that 2 2 π π α − < < , these solutions satisfy only the real negative even roots of the function which are the only known real roots of the function. Thus if the roots are on the half-line, the only exponential arguments that will satisfy the roots are for the complex conjugate roots on the half-line. This indicates that the arguments that yield solutions to the vanishing of the Riemann-zeta function are symmetries that satisfy inverse tangent relations and as I will demonstrate in future papers that the arctangent symmetry (223) relates the Bernoulli numbers, Zeta functions, and the Gamma functions to prime numbers.
Discussion of the Result
The convergence of Power towers relates the vanishing of the zeta function to the half-line. This relationship comes from the property of complex power towers of the exponential-form only converge to exponential functions relating the roots to the convergence. If one iterates backwards from a real root, one finds near misses of purely periodic states of the function as shown in Figures 7-11 . Obviously if the cycle ever gets to be purely periodic then no roots can be generated since the periodic cycle will prevent any root from being generated backwards from the infinite past. Table 3 shows the almost periodic cycles of the function that appears to dominate some roots. The inverse iterations seem to generate "very near root" misses.
